The question of whether or not any zero torsion linear map on a non abelian real Lie algebra g is necessarily an extension of some CRstructure is considered and answered in the negative. Two examples are provided, one in the negative and one in the positive. In both cases, the computation up to equivalence of all zero torsion linear maps on g is used for an explicit description of the equivalence classes of integrable complex structures on g × g.
Introduction.
Given a real Lie algebra g, the determination up to equivalence of zero torsion linear maps from g to g plays an important role in the computation of complex structures on direct products involving g ( [2] ). In the present note, we consider the question of whether or not any such zero torsion linear map for non abelian g is necessarily an extension of some CR-structure. We answer the question in the negative by computing (up to equivalence) all zero torsion linear maps from the real 3-dimensional Heisenberg Lie algebra n into itself. The result is then used to exhibit a complete set of representatives of equivalence classes of complex structures on n × n. We also compute all zero torsion linear maps on sl(2, R). In that case they are extensions of CR-structures. We deduce a complete set of representatives of equivalence classes of complex structures on sl(2, R) × sl(2, R).
Preliminaries.
Let G 0 be a connected finite dimensional real Lie group, with Lie algebra g. 
If J has zero torsion and satisfies in addition J 2 = −1, J is an (integrable) complex structure on g. That means that G 0 can be given the structure of a complex manifold with the same underlying real structure and such that the canonical complex structure on G 0 is the left invariant almost complex structureĴ associated to J (For more details, see [3] ). To any (integrable) complex structure J is associated the complex subalgebra m = X := X − iJX ; X ∈ g of the complexification g C of g. In that way, (integrable) complex structures can be identified with complex subalgebras m of g C such that g C = m ⊕m, bar denoting conjugation. J is said to be abelian if m is. When computing the matrices of the zero torsion maps in some fixed basis (x j ) 1 j n of g, we will denote by ij|k (1 i, j, k n) the torsion equation obtained by projecting on x k the equation (1) with X = x i , Y = x j . The automorphism group Aut g of g acts on the set of all zero torsion linear maps and on the set of all complex structures on g by
′ on g are said to be equivalent (notation: J ≡ J ′ ) if they are on the same Aut g orbit. For complex structures and simply connected G 0 , this amounts to the existence of an f ∈ Aut G 0 such that f :
3 Case of sl(2, R).
Let G = SL(2, R) denote the Lie group of real 2 ×2 matrices with determinant 1
Its Lie algebra g = sl(2, R) consists of the zero trace real 2 × 2 matrices
with basis H = (
Beside the basis (H, X + , X − ), we shall also make use of the basis (
The adjoint representation of G on g is given by Ad(σ)X = σXσ −1 . The matrix Φ of Ad(σ) (σ as in (2)) in the basis (H, X + , X − ) is
The adjoint group Ad(G) is the identity component of Aut g and one has
The adjoint action of G on g preserves the form x 2 + yz. The orbits are : (i) the trivial orbit {0}; (ii) the upper sheet z > 0 of the cone x 2 + yz = 0 (orbit of X − ); (iii) the lower sheet z < 0 of the cone x 2 + yz = 0 (orbit of −X − ); (iv) for all s > 0 the one-sheet hyperboloid x 2 + yz = s 2 (orbit of sH); (v) for all s > 0 the upper sheet z > 0 of the hyperboloid x 2 + yz = −s 2 (orbit of s(−X + + X − )); (vi) for all s > 0 the lower sheet z < 0 of the hyperboloid x 2 + yz = −s 2 (orbit of s(X + − X − )). The orbits of g under the whole Aut g are, beside {0}: (I) the cone x 2 + yz = 0 (orbit of X − ); (II) the one-sheet hyperboloid
Lemma 1. Let g = sl(2, R), and J : g → g any linear map. J has zero torsion if and only if it is equivalent to the endomorphism defined in the basis
Proof. Let J = (ξ i j ) 1 i,j 3 in the basis (H, X + , X − ). The 9 torsion equations are in the basis (H, X + , X − ):
J has at least one real eigenvalue λ. Let v ∈ g, v = 0, an eigenvector associated to λ. From the classification of the Aut g orbits of g, we then get 3 cases according to whether v is on the orbit (I),(II),(III) (in the cases (II), (III) one may choose v so that s = 1). Case 1. There exists ϕ ∈ Aut g such that v = ϕ(X − ). Then, replacing J by ϕ −1 Jϕ, we may suppose ξ Then the 9 torsion equations * ij|k (the star is to underline that the new basis is in use) for J in that basis are: * 12|1 (η
From * 12|1 and * 23|3,
1) Suppose first that η Remark 1. Recall that a rank r (r 1) CR-structure on a real Lie algebra g can be defined ( [4] ) as (p, J p ) where p is some 2r-dimensional vector subspace of g and J p : p → p is a linear map such that (a):
(1) holds for J p for all X, Y ∈ p. Then clearly J * (λ) is an extension of a CR-structure.
Case of sl(2, R) × sl(2, R).
We consider the basis (Y
3 ) of sl(2, R) × sl(2, R), with the upper index referring to the first or second factor. The automorphisms of sl(2, R) × sl(2, R) fall into 2 kinds: the first kind is comprised of the diag(Φ 1 , Φ 2 ), Φ 1 , Φ 2 ∈ Aut sl(2, R), and the second kind is comprised of the the Γ•diag(Φ 1 , Φ 2 ), with Γ the switch between the two factors of sl(2, R)×sl(2, R).
Lemma 2. Any integrable complex structure J on sl(2, R) × sl(2, R) is equivalent under some first kind automorphism to the endomorphism given in the basis
3 ) by the matrix 
). 
The complexification sl(2) × sl(2) of sl(2, R) × sl(2, R) has weight spaces decomposition with respect to the Cartan subalgeba h = CY
2 , which is a special case of the general fact proved in [5] that any complex (integrable) structure on a reductive Lie group of class I is regular.
Case of n.
Let n the real 3-dimensional Heisenberg Lie algebra with basis (x 1 , x 2 , x 3 ) and commutation relations [x 1 , x 2 ] = x 3 .
Lemma 3. Let J : n → n any linear map. J has zero torsion if and only if it is equivalent to one of the endomorphisms defined in the basis (x 1 , x 2 , x 3 ) by:
Any two distinct endomorphisms in the preceding list are non equivalent. T (a, b) is equivalent to
Proof. Let J = (ξ i j ) 1 i,j 3 in the basis (x 1 , x 2 , x 3 ). The 9 torsion equations are: 
where
. Suppose first T r(A) = 0. Then A 2 = −I, so that A is similar over C, hence over R, to (
. Now, since ξ 6 CR-structures on n. 
(ii) Any linear map J : n → n which is an extension of a rank 1 CR-structure on n such that p is abelian is equivalent to a unique
J has nonzero torsion.
Proof. For any nonzero X ∈ p, (X, J p X) is a basis of p. In case (i), [X, J p X] = 0, since p is non abelian. Then [X, J p X] = µx 3 , µ = 0, and x 3 ∈ p since otherwise p would be abelian. One may extend J p to n in the basis (X, J p X, µx 3 ) as
and J has zero torsion only if ξ 
and (ii) follows.
7 Complex structures on n × n. 
Lemma 5. Any integrable complex structure J on n × n is equivalent under some first kind automorphism to one of the following: 
